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It is presented the general method that allows to formulate 4D SU (N ) Yang - Mills theory
in terms of only local gauge invariant variables. For the case N=2, that is discussed in details,




In previous author's works it was given formulation of three dimensional SU (2) Yang
- Mills (YM) theory in terms of local gauge invariant variables both at classical [1],
[2] and quantum levels [15]
a
. It was found that obtained formulation is very similar
to 3D Einstein gravity. Using analogy with gravity, it was discovered new static
solution of classical four dimensional YM equations with singularity on the nite
sphere that is analog of Schwarzschild solution in general relativity and represents
connement potential for quantum particle moving inside this sphere.
In this paper we will give generalization of these results for 4D case and SU (N )
gauge group for arbitrary N . As in 3D case we will nd that in proposed gauge
invariant variables YM theory seems very similar to gravity but, in contrast to 3D
case, to R
2
-gravity rather than Einstein one. This analogy with gravity was already
exploited to obtained new interesting solutions of coupled Einstein - Yang - Mills -
Higgs equations [16].




It is necessary to note that similar construction for selfdual sector of 4D EuclideanYM theory
was given in works [21]
1
in[1] is, in fact, nothing else but realization of Lie - Vessiot
b
decomposition of YM
equations with respect to gauge group. In principle, using Lie - Vessiot method,
one can reformulate in invariant variables any system of dierential equations that
is invariant under the action of certain group of point transformation. But resulting
formulation is not, in general, Lagrangian and manifestly relativistic covariant. In
particular, in contrast to 3D case, direct application of Lie - Vessiot method to
4D YM equations leads to the theory formulated in terms of gauge invariant but














In order to overcome these diculties, we will modify the methods of [1] in the
following way. First, we will show that initial SU (N ) YM theory is equivalent to
certain GL(N;C) gauge theory in the following sense: classes of gauge equivalent
solutions of SU (N ) YM theory are in one-to-one correspondence with classes of
gauge equivalent solutions of above mentioned GL(N;C) gauge theory. Further,
using the fact, that Lorentz group SL(2; C) is isomorc to subgroup of gauge group
GL(N;C), it is already easy to reformulate this GL(N;C) gauge theory in gauge
invariant and relativistic covariant variables.
The paper is organize as follows. In the section 2 we discuss some auxiliary
questions concerning gauges of unitary type. In section 3 we present our main
results about gauge invariant formulation of SU (N ) YM theory. In the section 4
we consider in details the case N = 2. In the section 5 we briey discuss the case
N  2, gauge invariant formulation of YM theory in Eucleadian space, introducing
of matter elds, and 3D case. In the last section we discuss the themes of further
investigations.
2. Ultralocal elds and generalized unitary gauges.
Let us consider eld theory with Lagrangian L = L[']; ' = ('
m
; m = 1; :::;M )
that is invariant under R parametric gauge group G with group parameters ! =
(!
r









































= 0; ::: (2)
For example, eld strength tensor F
r






Under innitesimal gauge transformations UL elds transforms as follows:
b
Modern formulation of Lie - Vessiot theory see [3]
c



















By denition, generalized unitary (GU) gauge is the condition
'
a





- ultralocal elds. For example, usual unitary gauge
'
2
= 0; Im '
1
= 0 (5)










Let M be a family of eld congurations that is invariant under the action of


















for almost all x. For example, usual unitary gauge (5) is regular on any gauge
invariant set M that doesn't contain zero conguration '
a










The following proposition will be often used below:






= 0; m = R
0
+ 1; :::;M (8)








= 0; a = 1; :::; R
0
; m = 1; :::;M (9)
















So (9) is valid for m = R
0































are some linear dierential operators. So from (6), (10) and (11) one can




 G be the group of invariance of (4). If GU gauge (4) is regular on
M, then G
0









is discrete and so G
0
is the group of global transformations.
Consequently, the proposition proved above means that classes of G
0
equiv-
alent solutions of equations (8) are in one-to-one correspondence with classes of





except, may be, the solutions of (8) for which (6) is not hold. But in any case the
set of solutions of equations (8) is larger than the set of solutions of (12). So one can
use Lagrangian
~
L instead of Lagrangian L for investigation of gauge theory with
eld equations (12).




L describes non gauge theory because tne group
G
0
is global. In fact, formulation of the eld theory by means of Lagrangian
~
L can
be considered as formulation in terms of gauge invariant variables
d
. Indeed, let






























; m = R+ 1; :::;M (15)
(If (6) is hold, then (14) has only discrete set of solutions and we can choose one of
them).
Further, one can easy to prove, in new variables our theory is described by
Lagrangian

L[!; ~'] = L['] (16)






















Detailed discussion of this statement from slightly dierent point of view can be found in [5].
4
Finally, it follows from (15), that ~'
m
are gauge invariant quantities. So the
Lagrangian
~
L can be used for description of given gauge theories in terms of gauge
invariant variables.



































where bar denotes complex conjugation and


























(1) = const 6= 0; j~xj ! 1 (20)
Further discussion of Salam - Weinberg and more general models from similar point
of view see [5] or more recent works [18], [19].
So, in order to formulate gauge theory in terms of local gauge invariant vari-
ables, it is sucient to impose generalized unitary gauge. But such gauges don't
exist in arbitrary gauge theory. In particular, there are no GU gauges in pure YM
theory in standard second order formulation because of the absence of ultalocal




are considered as independent variables, GU gauges exist. For instance, in recent












was given in [21].
But these gauges are not relativistic covariant. Moreover, there is no relativistic
covariant GU gauge in any YM theory with compact gauge group without scalar
elds (for example, for QCD), because any GU gauge in such theories entangles
space - time and colour indexes (as in (21)) and it is impossible to compensate
transformation of noncompact Lorenz group by transformations of compact gauge
group in order to restore gauge condition after Lorentz transformations.
To overcome these diculties, in the next section we will develop formalism
in which SU (N ) YM theory is change by certain GL(N;C) gauge theory that is
equivalent to initial YM theory in the sense explained in the section 1.
The group GL(N;C) contains the Lorentz group SL(2; C) as a subgroup and
this fact allows to use covariant GU gauge of the type (21).
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(x); A; r = 1; :::; N ) for each x form the basis of the space

































































Now for given vectors E
r
A














































































































is space - time manifold. It follows from (25),(26) that h
AA
0
can be considered as Hermitian positive dened metric on this bundle.






and  are SU (N ) are gauge invariant func-
tions on M
4




































be curvature tensor of connection  
A
 B






























































are not independent because they satisfy identities (26)-(28).
Solving these identities with respect to  
A
 B
and substituting the result in (32), one




;  and those of functions  
A
 B





Let M be the set of solutions of GL(N;C) gauge theory with Lagrangian (32)
for which matrix h
AA
0
is positive dened. The set M is invariant under GL(N;C)
gauge transformations.
Now we can prove the following proposition, playing the central role in our
investigation:
Classes of GL(N;C) equivalent solutions from the set M of gauge theory with
Lagrangian (32) are in one-to-one correspondence with classes of gauge equivalent
solutions of initial SU (N ) YM theory.







;  = 1 (33)












= 0; Sp  

= 0 (34)
But conditions (34) are exactly the denition of matrix Lie algebra su(N ). So
after substitution of (33) and (34) in (32) we obtain usual YM Lagrangian (this
operation is correct due to proposition from section 2). Therefore in gauge (33) the
set M can be identies with the set of all solutions of SU (N ) YM theory.








































. But it follows from (25) and (33) that E
r
A





in gauge (33) are connected by SU (N ) gauge transformation.
Consequently, if  

run over the set of all solutions of YM equations then A

also
run over this set. The proposition is proved.
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where it is assumed that a part of functions  
A
 B




;  from identities (26) - (36).
Lagrangian L with auxiliary condition of positivity of Hermitian matrix h
AA
0







; . But now we have new gauge symmetry GL(N;C). However, this
gauge freedom can be easily eliminated by imposing of covariant GU gauge. This
will be demonstrated in details for the case N = 2 in the next section.
3. SU (2) Yang - Mills theory in gauge invariant variables.
3.1. GL(2; C) gauge xing.
In this section we will consider the case N = 2. Let us impose the GU gauge





































The Lagrangian (36) with  
A
 B
satisfying (40) is the Lagrangian of SL(2; C)
gauge theory. But algebra sl(2; C) is isomorphic to algebra so(1; 3). So our theory
can be reformulated in terms of SO(1; 3) gauge covariant objects.







some SO(1; 3) vector '
ab:::
: The correspondence is established by means of Infeld -






























































will be used for lowering
and raising indexes a; b; c; :::= 0; 1; 2; 3:













































































for some real vector h.
























;  are independent variables. But it




= 0;  = 0 (54)
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So initial SU (2) YM theory is equivalent to standard SO(1; 3) theory with supple-
mentary conditions (50),(51). Therefore, due to results of the section 2, it is su-
cient to x GU gauge for SO(1; 3) gauge theory in order to formulate our theory in
term of only gauge invariant variables. It is easy to do in rst order formalism.


































be selfdual part of 
ab
with respect to both pairs of indexes ab
and . We would remind that due to isomorphism so(1; 3)  o(3; C) any selfdual
antisymmetric SO(1; 3) second rank tensor '
ab


















can be considered as second rank O(3; C) tensor 
rs
,






This gauge is covariant analog Anishetty's gauge (21). It is easy to prove that






) 6 0g. By this note we nish
our description of SU (2) YM theory in gauge invariant variables.
3.2 Analogy with R
2
-gravity.



























(x) is space - time metric tensor. This choice of Infeld - van der Vaerden
symbols entangles gauge and space - time indexes and we will consider them on the
equal footing.
























































is usual Riemannien tensor dened by metric g

, and dots mean terms

















in Lagrangian. In elementary particle physics terms of the type (61) in Lagrangian
were considered in recent papers [8],[9] in connection with ideas of strong gravity
[10]. Terms of the type (61) are also considered in quantum gravity in connec-
tion with the problems of renormalization [11], [12]. We see that terms of such
type can be obtained from standard SU (2) YM theory without any supplementary
assumptions.
5.Some additional notes.
5.1. The case N  3 .
If N  3 then one can build the theory in two steps. First, one can reduce GL(N;C)







(in rst order formalism.) At the second steps one can use ideas of section
4. Detailed investigation will be presented in forthcoming paper.
5.2. Matter elds.
Introducing of matter elds is not a hard problem. If 	
rs:::
MN:::
are matter elds with















in order to introduce SU (N ) gauge invariant elds 	
AB:::
MN:::




and express Lagrangian in terms of only SU (N ) gauge invariant quantities.
5.3. Three dimensional case.
Results obtained in our previous paper [1] can be also obtained in framework of the
scheme presented in the sections 2,3, but it is necessary from the beginning to use
rst order formulation and adjoined representation of SU (2) instead of fundamental





















Formulation of Eucleadian SU (2) in terms of only gauge invariant variables can





























In previous sections we gave formulation of SU (N ) YM theory in terms of only
gauge invariant variables. At least, in the case N = 2 this formulation appears to
be very similar to R
2
-gravity and so it would be very interesting to develop our
investigation in connection with ideas of strong gravity [8] - [10], microuniverses
[13] and renormalization problems in quantum gravity [11], [12].
Another interesting approach can be connected with the fact that spin and
isospin indexes are entangled in our nal formulation of YM theory and so they can
be considered on the equal footing. So isospin transforms in spin in our approach.




0 (see (59)) YM induced connection  

 





and so spin and isospin indexes are entirely "equalized in rights". In paper
[16] it was shown that such solutions exist but for only certain values of coupling
constant e.
The truck with expansion of gauge group can be repeated. In particular, it
is possible to prove that SO(1; 3) gauge theory (that appears in our approach) is
equivalent to certain GL(4; R) gauge theory. This fact, may be, points out the
connection with the approach to particle classication based on the group GL(4; R)
[14].
At quantum level our approach automatically solves the problem of colour
connement because the theory is formulated in terms of only colourless quantities.






;  = const (65)
(see 56)) in functional integral, that, may be, can be used for description of the
gluon condensate.
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